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MEsh-FrEE ForMulAtioNs For solutioN oF 
bENdiNg ProblEMs For thiN ElAstiC PlAtEs With 
VAriAblE bENdiNg stiFFNEss. PArt ii: NuMEriCAl 
solutioNs 

lAdislAV sAtor, VlAdiMir slAdEK ANd jAN slAdEK

The second part of the paper is devoted to the development of mesh-free computational methods and 
numerical solutions of boundary value problems for thin plate bending problems treated in Part i wi-
thin the Kirchhoff-love theory. The in-plane gradation of the Young modulus and/or the variability of 
the plate thickness lead to governing equations which are the partial differential equations with variable 
coefficients. on the other hand, the transversal gradation of the Young modulus gives rise to coupling 
between the deflections and in-plane deformations. to facilitate the numerical solution of the boundary 
value problems for such rather complex governing equations, we propose the strong formulation com-
bined with meshless approximations for field variables. two alternative meshless approximation sche-
mes are employed: the Moving least square (Mls) approximation and the Point interpolation Method 
(PiM). The modified differentiation is proposed to increase the accuracy of higher order derivatives of 
field variables. several numerical examples are presented to investigate the accuracy, convergence of 
accuracy and computational efficiency of studied mesh-free formulations for various boundary value 
problems for circular plate with central hole and variable bending stiffness. 

Keywords: Kirchhoff-love theory, variable thickness, functionally graded materials, decomposed for-
mulation, strong formulation, meshless approximations 

1. Introduction

due to the great potential in engineering applications, the functionally graded materials (FgM) are 
in the focus of researchers. FgM structure can be characterized as a composite fabricated by mixing 
two discrete phases of materials (suresh and Mortensen, 1998; Koizumi, 1997). The effective material 
properties, such as Young’s modulus, Poisson’s ratio, mass density, etc. of the functionally graded com-
posites are being evaluated based only on the volume fraction distribution of the dispersed phases, be-
cause the accurate information of the distribution of constituents may not be available. in the literature 
several approaches are available for FgM modelling, like Mori – tanaka scheme (Mori and tanaka, 
1973; benveniste, 1987), composite cylindrical assemblage model (hashin and rosen, 1964; hashin, 
1979), the simplified strength of materials method (Chamis and sendeckyj, 1968; gibson, 1994), etc. 
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Although FgMs are highly non-homogeneous structures, it will be very useful to idealize them as 
continua with their mechanical properties changing smoothly with respect to the spatial coordinates. 
Exact solutions of boundary value problems in solid mechanics can be obtained by this idealization 
and also it will help in developing numerical models of the structures made of FgMs (sladek and sla-
dek, 2010; sladek, sladek and sator, 2013). The static behaviour of Fg rectangular plates was studied 
by reddy (reddy, 2000), and also an axi-symmetric formulation for circular and annular Fg plate 
bending was observed (reddy, Wang and Kitipornchai, 1999) within the 3rd order shear deformation 
plate theory. Xu and Zhou (Zhoua, 2009) studied rectangular Fg plates with variable plate thickness 
and exponential gradation of Young’s modulus in lateral direction as a 3d problem.

in recent two decades, the mesh-free formulations have become an attractive alternative of classical 
mesh-based discretization methods (such as FEM, bEM, etc.) because of various advantages (Atluri, 
2004) resulting from the fact that only nodes are used for approximation instead of elements and no 
elements are needed either for background integration like in the Element Free galerkin method (Krysl 
and belytschko, 1995; lu, belytschko and gu, 1994). Additional advantages of the mesh-free formula-
tions arise in numerical solutions of boundary value problems for partial differential equations (PdE) 
with variable coefficients like in the case of functionally graded materials (FgM), since the complexity 
is not increased as compared with the case of homogeneous media. on the other hand, in the standard 
FEM the material coefficients are assumed to be constant within the finite elements, and in the bEM the 
fundamental solutions for the PdE with variable coefficients are not available, in general. 

The main criticism against meshless approximations is the loss of accuracy and computational 
efficiency with increasing the order of the derivatives needed in mesh-free formulations. These 
shortcomings of the mesh-free formulation for thin plate bending problems have been removed 
in the Part i of this paper by developing the decomposed formulation. two meshless approxima-
tions are employed in numerical implementations: (i) the Point interpolation Method (PiM) with 
using radial basis Functions (rbF) in combination with polynomials (liu, 2003; sladek, sladek 
and tanaka, 2005); (ii) the Moving least square (Mls) approximation (lancaster and salkauskas, 
1981) with using the so called Central Approximation Node (CAN) concept (sladek, sladek and 
Ch. Zhang, 2008). As regards the numerical evaluation of the derivatives of field variables, we shall 
use the standard as well as the modified differentiation (sladek and sladek, 2010; sladek, sladek and 
sator, 2013; suresh and Mortensen, 1998) with focusing on numerical tests for accuracy and com-
putational efficiency of these approaches. Moreover, the modified evaluation of the shape functions 
and their derivatives will be employed (sladek and sladek, 2010; sladek, sladek and sator, 2013; 
suresh and Mortensen, 1998) in order to obey correctly the requirements of completeness. The 
accuracy and convergence study is accomplished on boundary value problems for bending of thin 
circular plate with a central circular hole, where the exact solutions are available and can be used as 
the benchmark solutions. The power-law gradation of the bending stiffness along the radius as well 
as the transversal gradation of the Young modulus have been assumed in these studies.

The attention is paid also to numerical parametric study with respect to various parameters of 
gradations of the Young modulus and the thickness of the plate. The competitive influence of radial 
gradations of the Young modulus and the variable plate thickness is observed and it can be utilized 
in optimization design of plates.

2. Formulation of analyzed boundary value problems

in the Kirchhoff-love theory, the bending of thin elastic plates is described by displacements 
specified at the mid-plane of the plate as functions of the in-plane coordinates. Moreover, mostly 



Mesh-free formulations for solution of bending problems for thin elastic plates with variable bending 
stiffness. Part ii: Numerical solutions

151

there is no coupling between the transversal displacement (deflection of the plate) and the in-plane 
components of displacements. in the case of FgM plates with transversal gradation of the Young 
modulus, however, such a coupling plays an important role. in this paper, we confine to axially 
symmetric bending problems for circular and/or annular plates. bearing in mind the results of the 
analysis presented in [Part i], we can write the governing equations for the plate with transversally 
graded Young modulus (while homogeneous in radial direction and with constant thickness) as 

  
(1)

  (2)

  
(3)

where and w*(r) are the radial displacement and deflection, respectively, while m*(r) is the 
new field variable defined by Eq.(2). introduction of this new variable enables us decompose the 
original 4th order PdE into two Poisson equations. The superscript star is used for dimensionless 
quantities defined in [Part i ] (for radial coordinate this superscript is omitted for conciseness). The 
dimensionless loading is assumed to be a uniform transversal loading. remember the meaning 
or the definitions of the coefficients appearing in Eqs. (1) – (3): 
– ζ is the level of transversal gradation of the Young modulus according to the power-law:

 
in this case)

 

– bending stiffness:
 

– plate thickness: h = h0h*, h0 – reference thickness, h* – dimensionless thickness (h* = 1 in this case)
– characteristic lateral dimension: L = r1 – r0, where r1, r0 are outer and inner radii of plate 

– 

–
 

Another considered case is the plate whose Young modulus is not graded across the plate 
thickness, i.e. when ζ = 0, but the thickness and the Young modulus are allowed to be variable in the 
radial direction. Then, the deflections and radial displacements are decoupled with the governing 
equations for the bending being given as

 (4) 

  
(5)
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recall that in this case H = 1 – v, F = 1, because ζ = 0 justifies application of the plane stress 
formulation (there is no coupling). 

The relevant quantities for specification of boundary conditions on boundary edges are: deflec-
tion (w*), normal slope (∂w* / ∂n), bending moment (M*), generalized shear force (V*), radial 
displacement ( ), in-plane tractions ( ) with all of them being expressed in terms of primary 
fields (w*, m*, ) and their derivatives as: 

 

(6)

 

(7)

 

 

(8)

where
  

(9)

usually, we need the expressions for M* and V* on the simply supported and/or free edges, whe-
re these quantities are prescribed. on such edges, however, the in-plane tractions vanish [
in Eq. (6)] and the expressions for the bending moment and the generalized shear force can  
be 

 
(10)

 
(11)

Note that the relevant boundary quantities do not involve higher than the first order derivatives 
of the primary field variables. 

Physically correct boundary conditions result from the imperative satisfaction of the conditions:

. (12)
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Three basic boundary conditions on a boundary edge Γ are known as

– clamped edge: 

– simply supported edge: 

– free edge: 

3. Meshless approximation techniques

two kinds of meshless approximations will be described shortly. For the sake of brevity, we shall 
use the common notation u(x) for the scalar fields w(x), m(x) and the radial component of displa-
cements . The nodal points are freely distributed in the analyzed domain and on its boundary 
without creating any connectivity among the nodes. Then, the approximated field is expressed in 
terms of certain nodal values and shape functions, which are not given by simple interpolation po-
lynomials but certain procedure is required for calculation of their values at field points. 

Moving Least Square (MLS) approximation
in the Mls-approximation, the polynomial basis  is employed and the expansion 

coefficients are found from minimization of weighted squares of residua at a finite number of nodal 
points (gu and liu, 2001). Finally, the scalar field u(x) can be approximated as 

  
, (13)

where N is the total number of nodes, ûa  is a nodal unknown different from the nodal value u(xa), 
and ϕa(x) is the shape function associated with the nodal point xa. instead of the standard Mls-
-approximation, one can utilize the Central Approximation Node (CAN) concept of the Mls-
-approximation (sladek, sladek and Zhang, 2008). let xq be the CAN for the approximation at a po-
int x. Then, the amount of nodes involved into the approximation at x is reduced a-priori from N to 
Nq, where Nq is the number of nodes supporting the approximation at the CAN xq, i.e. the amount 
of nodes in the set 

, 
where wa(x) is the weight function associated with 

the node xa and taken at the field point x. in this paper, we employ the gaussian weights (sladek, 
sladek and Zhang, 2008). The Mls-CAN approximation is given as

   
(14)

where ā is the global number of the a-th node from the Nq nodal points xā ∈ M q. The CAN node 
can be selected as the nearest node to the field point x.

The derivatives of the field variable u(x) can be approximated in a standard way by differenti-
ating the approximation (14), i.e. 
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(15)

The shape functions and their derivatives are given in sladek, sladek and Zhang (2008).

Point interpolation method (RBF+P)
in the case of PiM, the basis functions are taken as a combination of polynomials and radial 

basis functions (rbF) (liu, 2003). Thus, one can solve the problem of accuracy and numerical 
stability of the approximation (liu, 2003; sladek, sladek and Zhang, 2008). in this paper, we shall 
consider the same polynomial basis as in the Mls-approximation and the rbFs will be taken as 
multiquadrics

 
, (15)

with cn being the shape parameter. 
The approximation of the field variable u(x) can be expressed by

, (16)

i.e. formally, it is the same as in the Mls-approximation, but now the nodal unknowns are directly 
the values of the a roximated field variable, since the shape functions obey the Kronecker – delta 
property . This difference is substantial (e.g. for the development of the modified 
scheme for calculation of derivatives of field variables), as it will be seen later.

in standard differentiation-approach, the derivatives of the field variable are given as 

, (17)

with the shape functions and their derivatives being given in sladek, sladek and tanaka (2005). 

3.1 Modified shape functions

it is worth considering the modification of shape functions and their derivatives. using the de-
finitions (sladek, sladek and sator, 2013)

 
(18)

and adopting the modifications 

pp
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(19)

one can guarantee satisfaction of the following equations

 
(20)

with the wave notation being omitted in the last equation. The formulation with using the standard 
shape functions will be denoted as s0-approach in contrast to s1-approach utilizing the modified 
shape functions. 

3.2 Modified differentiation for approximation of derivatives of field variables

Moving Least Square (MLS) approximation
besides the standard differentiation approach (denoted as “d0”) we shall use also modified dif-

ferentiation (denoted as d1-approach) in calculation of derivatives of field variables. in this appro-
ach, the derivatives are approximated by using the shape functions ϕā(x) and certain nodal values 
which will be expressed in terms of nodal values and the first order derivatives of the shape 
functions. Thus,

 
(21)

from (151), we have

 
(22)

while from (211), we have

  
(23)

Extending the definitions of matrices and eca to all nodes as

 
(24)

we can rewrite Eqs. (22) and (23) as
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hence,

. (25)

differentiating (211), we obtain

 
(26)

From (212), we have 

  
(27)

and from comparison of (26) with (27), we receive

 
,  (28)

where in the last equality, we have utilized the expression for by (25)

similarly, 

 
(29)

Thus, having the expressions of  by Eqs. (25), (28) and (29), one can utilize (21) for 
modified representation of derivatives of field variables in terms of shape function ϕā(x) and all no-
dal values ûh. in this approach (d1), only the first order derivatives at nodal points are employed in 
contrast to the standard approach (d0). since inversion of the matrix Ecd is needed in evaluation of 
the matrix   defined by (25), the lower computational efficiency of the d1-approach as compared 
with the d0-approach is the price which should be paid for a better accuracy of the d1-approach. 

Point interpolation method (RBF+P)
in the modified differentation-approach (d1), 

  
(30)
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we can see that the expansion coefficients are directly given by the nodal values of the gradients 
of the field variable, which can be obtained from the d0-approach by 

 
(31)

for higher order derivatives, we are seeking for the expressions

 
(32)

hence, 

 (33)

having known , one can get the expression for u,ij(x) by differentiating (261)

  
(34)

where we have utilized also Eq. (331) and (31). 

similarly, differentiating (321) and using (332), (342), one obtains

  
(35)

Thus, making use of the Eqs. (31), (342) and (352), one can express the expansion coefficients 

 in terms of nodal values ua and the matrix of first order derivatives of the shape func-
tions. Finally, the approximation formulae (301) and (32) are applicable and the higher order deriva-
tives of the shape functions are avoided. in comparison with the Mls-approximation, the decrease 
of the efficiency of the numerical computations due to utilization of d1-approach is less expressive, 
since it is sufficient to pre-compute only the matrix  instead of matrices . 
Remark 

since the evaluation of the shape functions is a computational procedure, it is time consuming 
with substantial increasing the computational time with increasing the amount of such evaluations. 
Note that the evaluation of derivatives of shape function is much more time consuming than the 
evaluation of the shape functions especially in the case of modified differentiation approaches (d1) 
mainly for Mls –approximation. Furthermore, it is known that in weak formulations one needs 
to evaluate the integrands involving the shape functions and their derivatives at each integration 
point. Therefore a radical reduction of the evaluations of shape functions and their derivatives is 
achieved by using strong formulations instead of weak formulations. Thus, if the field variables are 
approximated by meshless approaches, the utilization of the strong formulation yields substantial 
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savings of the computational time in comparison with the weak formulations. This is an impor-
tant aspect, because in case of sufficiently high density of nodal points used in approximation, the 
computational time needed for evaluation of the system matrix can exceed the computational time 
needed for solution of the discretized equations. 

4. Numerical examples 

in the numerical tests, we consider an annular circular plate with dimensionless inner radius  
r0 = 0.1, outer radius r1 = 1 and various gradations of the bending stiffness due to: (i) in-plane gradations 
of Young’s modulus  and/or ; 
(ii) in-plane continuous variation of the plate thickness ; (iii) 
transversal gradation of Young’s modulus

 
; (iv) simultaneous radial gradati-

ons specified in points (i) and (ii). Poisson’s ratio is assumed to be constant v = 0.3, while various va-
lues of the power-law gradation exponent (p) and levels of gradation (ε,κ,ζ) are considered. The di-
mensionless uniform static loading  of plate is applied. recall that it is no problem to find the 
exact solution for the boundary value problems if the bending stiffness is constant (timoshenko, 
Woinowsky-Krieger, 1959; sladek et al., 2013), but also for the governing equations if the bending 
stiffness is graded according to the power-law [Part i] as well as if the Young modulus is transversa-
lly graded according to the power-law [Part i]. such exact solutions will be used as the benchmark 
solutions for investigation of the accuracy and convergence as well as computational efficiency of 
presented meshless method. The accuracy of numerical solutions of boundary value problems will 
be characterized by error norm defined as

 

(%)  (36)

where N is the total number of nodal points, w(ra) and m(ra) are the values of field variables compu-
ted by the present method, while wex(ra) and mex(ra) are exact values at nodal points ra.

in all numerical computations, we have used a uniform distribution of nodal points and the 
radius of the sub-domain ρ0 = 0.1h with h being the distance between two neighbour nodes. 
The other parameters in the Mls-approximation have been taken as: radius of the interpolati-
on domain ρa = 3.001h, shape function parameter ca = h, cubic polynomial basis m = 4. in the  
PiM(rbF+P)-approximation, we have chosen: type of rbF – inverse multi-quadrics with μ = –1, 
number of multi-quadrics around each node Nq = 16, number of polynomials M = 7, shape pa-
rameter ca = 2h. As regards the geometry, we have considered the circular plate with central hole 

. 
Firstly, we present the results of the study of accuracy, convergence and computational efficiency. 

in presented results, both edges of the plate are clamped (w(r0) = 0, w,r(r0) = 0; w(r1) = 0, w,r(r1) = 0)  
because there is no principal difference among the results corresponding to other boundary con-
ditions. The transversal variation of the dimensionless Young modulus is shown in Figure 1. The 
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accuracy and the convergence of the accuracy with respect to increasing the density of nodes (dec-
reasing the h – parameter) are shown in Figures 2 – 3, with using the PiM and Mls approximations, 
respectively. it can be seen that the influence of s1-modification for evaluation of shape functions 
and their derivatives on accuracy is negligible. in FgM plates, the improvement of accuracy by the 
modified differentiation (d1-approach) as compared with the standard differentiation (d0-appro-
ach) is not guaranteed in contrast to the numerical computations for plates with constant bending 
stiffness (sladek, sladek and sator, 2013), where the achieved accuracy is also several orders higher. 
Nevertheless, in case of the FgM plate with transversal gradation of Young’s  modulus by Mls 
approximation of field variables the accuracy improvement by d1-approach is increasing with in-
creasing the density of nodes. on the other hand, in the case of FgM plates with radial gradation 
of the bending stiffness, the accuracy of Mls results by the d0-approach is better until rather high 
densities of nodes, though the convergence rate by the d1-approach is better than that by the d0-
-approach. 

Figure 1. illustration of the transversal gradations of the Young modulus across the plate thickness 
for several values of the exponent (p) of the power-law gradation with the level of gradation ζ = 1
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Figure 2. Accuracy and convergence of accuracy of numerical solutions for plate with (i) power-
-law radial gradation of bending stiffness; (ii) transversal gradation of Young’s modulus by PiM 
approximation

                       
Figure 3. Accuracy and convergence of accuracy of numerical solutions for plate with (i) power-
-law radial gradation of bending stiffness; (ii) transversal gradation of Young’s modulus by Mls 
approximation

From Figure 4, we can see that the computational times are almost invariable with respect to va-
rious gradation of bending stiffness. A substantial difference is observed for the rates of increasing 
the CPu with increasing the density of nodes when d0- and d1-approaches are used for evaluation 
of the 2nd order derivatives of field variables especially for large amounts of nodes. The utilization 
of the d1-approach brings a significant enhancement of the rate of the CPu-time increase. The 
prolongation of the CPu-time is due to more complex procedure for evaluation of the derivatives of 
field variables than in the case of d0-approach. The significant increase of the CPu-time appears to 
be an unacceptable price for improving the accuracy of numerical solutions by using d1-approach.
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Figure 4. Computational efficiency of numerical solutions for plate with (i) power-law radial grada-
tion of bending stiffness; (ii) transversal gradation of Young’s modulus

4.1. Results for circular plate with transversal gradation of Young’s modulus

in what follows, we shall present numerical results for a  plate with transversal gradation of 
Young’s modulus, with studying the influence of coupling effect (c-factor) between the deflections 
(w) and radial displacements (ur); and the influence of the stress state conditions (χ-factor) on the 
solution:
– c = 1 : w – ur coupling is considered,
– c = 0 : w – ur coupling is omitted,
– χ = 1: plane stress state formulation,
– χ = 2: spatial stress state formulation.

Figure 5 illustrates the influence of gradation of Young’s modulus on the reduction of deflections 
against the deflections of homogeneous plate, where with increasing the level of gradation the de-
flections of plate are decreasing. The results are presented for two levels of gradation (ζ) and various 
combinations of the c and χ-factors. The reduction of the deflection is increasing with increasing 
the level of gradation. The reduction of the maximum deflection is around 20 % lower in the case of 
plane stress formulation than in the case χ = 2 with keeping the c-factor constant. This observation 
is independent on the value of the c-factor. in the case of higher level of gradation, the differences 
between the results corresponding to c=0 and c=1 under fixed value of the χ-factor are comparable 
with differences due to various values of the χ-factor under fixed value of the c-factor. Furthermore, 
the coincidence of results in formulations with (c=1, χ = 2) and with (c=0, χ = 1) for ζ = 5 can be ob-
served. Figure 6 shows the radial variations of radial displacements, which were generated by w—ur 
coupling (c=1). The influences of ζ and χ-factor are observable. Eventually, we can conclude that the 
dimensionless bending moments  are independent on the c and χ-factors (Fig. 7), in contrast 
to the dimensionless deflection (w*).
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Figure 5. radial distribution of deflections in circular plate with transversal gradation of the Young 
modulus

Figure 6. distribution of radial displacements generated via coupling effect in circular plate with 
transversal gradation of the Young modulus

Figure 7. distribution of bending moments in circular plate with transversal gradation of the Young’s  
modulus
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Figures 8 – 9 show the dependence of maximum value of deflection and/or reduction of maximum 
value of deflection on the parameter ζ (level of gradation) and exponent p (power-law exponent of gra-
dation), respectively. in Figure 8 we can see that the maximum value of deflection is decreasing and/
or reduction of the maximum value of deflection w.r.t. the  is increasing with in-
creasing the level of gradation under keeping the volume contents of the constituents to be constant  
(p = const). Figure 9 shows the increasing maximum deflection and/or the decreasing reduction of 
the maximum deflection (due to the transversal gradation of Young’s modulus) with increasing the 
value of the exponent of power-law gradation of Young’s modulus. This can be explained by the fact 
that the volume content of the constituent with higher Young modulus is decreasing with increasing 
the exponent p.

     
Figure 8. dependence of (i) the maximum deflection and (ii) the reduction of the maximum deflec-
tion on level of gradation ζ

   
Figure 9. dependence of (i) the maximum deflection and (ii) the reduction of the maximum deflec-
tion on power-law exponent of gradation p
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Finally, we present the study of the dependence of percentage deviation of maximum deflection 
( ) from the reference value of deflection ). From Figure10, we can see 

that the deviation between the maximal dimensionless deflection and the reference value for low le-
vel of gradation (ζ = 1) is approximately 4 %, while for the high level of gradation (ζ = 20) this value 
is equal almost to 30%. Moreover, one can observe the influence of χ-factor, the 22.5 % difference 
between the results by the formulations with χ = 1 and χ =2 under constant value of the c-factor.

Figure 10. dependence of % deviations of 
  

from
  

on ζ-parameter in FgM circular plate

4.2. Results for circular plate with gradation of Young’s modulus in radial directions

in this subsection we shall present the results for the circular plate with central circular hole and 
power-law gradation of Young’s modulus in the radial direction. 

in what follows we concise to presentation of numerical results for deflections, slopes of de-
flections, bending moments and generalized shear forces in the considered boundary value pro-
blem and two values of gradation exponent (p = 1,5) and/or two levels of gradation (ε = 1,5). The 
significant influence of these parameters on the values as well as on the radial distributions of the 
considered fields is presented in Figures 11 – 15. in all computations, we consider two various kinds 
of gradation of Young’s modulus: (i) gradation from the inner radius towards to the outer radius  

); and (ii) gradation from the outer radius towards to inner radi-
us ). Figure 11 illustrates that the higher value of parameter ε is 
leading to a higher reduction of maximum deflection under the constant contents of two material 
constituents. on the other hand, the higher value of the exponent p leads to a lower reduction of the 
maximum deflection (Fig. 12), what is the effect of lower bulk content of the material with higher 
value of the Young modulus.
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Figure 11. Comparison of the deflections of the circular plate for various levels of gradation ε and 
two kinds of gradation of Young’s modulus 

Figure 12. Comparison of the deflections of the circular plate for various gradation exponent p and 
two kinds of gradation of Young’s modulus 
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Figure 13. Comparison of the slopes of deflections of the circular plate for various levels of gradati-
on ε and two kinds of gradation of Young’s modulus 

       
 Figure 14. Comparison of the bending moments Figure 15. Comparison of the generalized
 in the circular plate for various levels shear forces in the circular plate for various 
 of gradation ε and two kinds of gradation levels of gradation ε and two kinds of gradation
  of Young’s modulus of Young’s modulus

4.3. Results for circular plate with radial continuous variations of the plate thickness

Firstly, let us consider a circular plate with homogeneous material properties, while the thickness 
of the plate is varied by a power-law function. Numerical results for deflections, slopes of deflecti-
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ons, bending moments and generalized shear forces for the considered thin plate and three levels 
of gradation (κ = –0.5,1,2) are presented in Figures 16 – 19. it can be observed that the reduction of 
thickness (κ < 0) yields enhancement of deflections, slopes of deflections, bending moments and ge-
neralized shear forces as compared with h = const =h0. on the other hand, the increasing thickness 
(κ > 0) leads to reduction of physical quantities as compared with h = const =h0. Finally, in Figures 
16 – 19, we present also the comparison of effects on the results due to pure radial gradation of the 
Young modulus and pure gradation of the plate thickness. The latter effect is more expressive than 
the effect of variability of the Young modulus. 

Figure 16. Comparison of the deflections of the circular plate for various levels of gradation κ of the 
plate thickness

Figure 17. Comparison of the slopes of deflections of the circular plate for various levels of grada-
tion κ of the plate thickness
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Figure 18. Comparison of the bending moments in the circular plate for various levels of gradation 
κ of the plate thickness

Figure 19. Comparison of the generalized shear forces in the circular plate for various levels of gra-
dation κ of the plate thickness

Finally, we studied also simultaneous continuous radial variations of both the plate thickness 
and Young’s modulus (Fig. 20). The negative effect of thinning the plate (blue line) can be com-
pensated or suppressed by parallel gradual increasing the Young modulus (green line) with resul-
ting in overall reduction of deflection (red line). 
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Figure 20. illustration of positive effect of combination of the radial gradations of the plate thickness 
and the Young modulus

5. Conclusions

bending of thin elastic plates with variable bending stiffness has been studied within Kirchhoff-
-love theory. in the paper we consider several types of variability of bending stiffness due to: 
(i) FgM: (a) in-plane gradation of Young’s modulus,

 (b) transversal gradation of Young’s modulus;
(ii) variable thickness of plate;
(iii) simultaneous radial variations of the Young modulus and the plate thickness.

The strong meshless formulation has been developed for numerical solution of boundary value 
problems for plate bending with using two meshless approximations such as the Mls-approxima-
tion and the PiM (rbF+PbF). The problem of high-order derivatives of field variables has been 
resolved by the development of decomposed formulation of governing equations. 

The convergence of proposed computational schemes has been studied with using two app-
roaches for evaluation of derivatives of field variables and two approaches for evaluation of sha-
pe functions. The comparative study for computational efficiency of various techniques has been 
accomplished. Numerical experiments have been done for study of the influence of bending stiff-
ness variability on response of the plate subjected to static loading with focusing on the coupling 
effects and effect of the plane stress formulation.
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