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MEshlEss MlPg APProACh For thE ANAlYsis oF  
PiEZoElECtriC sENsors uNdEr CoMPrEssiVE loAd

PEtEr stANAK1, ANtoNio tAdEu2, jAN slAdEK1 ANd  
VlAdiMir slAdEK1

The paper presents a numerical analysis of a three-dimensional piezoelectric solid using the meshless local 
Petrov-galerkin (MlPg) method. The mechanical and electrical response of a piezoelectric sensor is investi-
gated for a static and transient compressive load. in the proposed meshless formulation nodal points are uni-
formly distributed in the analyzed domain, but without loss of generality. Each node is the center of a small 
spherical subdomain. The local integral equation (liE) formulation is derived from the equations of motion 
for the mechanical fields and quasi-static Maxwell’s equations on the appropriate subdomains. The unit step 
function is used as a test function in derivation of the liEs. The moving least-squares (Mls) method is used 
to approximate the spatial variations of all physical fields. The houbolt finite difference scheme is used to solve 
a time-dependent system of ordinary differential equations for mechanical displacements and electric potential.

Keywords: piezoelectric sensor, meshless local Petrov-galerkin method, moving least-squares approxi-
mation, houbolt method

1.  Introduction

Piezoelectric materials have found a wide range of applications over the last two decades, in the 
fields of aerospace, naval, automotive, civil engineering and medicine. This is because their sensory/
active capabilities enable them to convert mechanical energy into electric energy and vice-versa. 
A piezoelectric element will generate electrical disturbance if a mechanical load is applied to its sur-
face in the poling direction. Thus, by varying the mechanical input the electrical response (output) 
is changed and can be easily detected. structures incorporating smart piezoelectric materials are of-
ten referred to as adaptive or intelligent structures. distributed piezoelectric sensors and actuators 
are important for the active vibration control or structural monitoring of various elastic structures. 
A typical piezoelectric sensor is shown in Figure 1. Piezoelectric actuators are the key element for 
controlling and suppressing structural deformations (Adachi et al., 1994). Application of piezoelec-
tric sensors to structural health monitoring (shM) or displacement and vibration sensing is attract-
ing increased attention (song, sethi and li, 2006). New engineering applications are emerging that 
offer significant research interest in the field of computer modeling and applied mechanics. 
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Analytical solutions for piezoelectric structures are available only for simple boundary condi-
tions (heyliger, 1997). ray, bhattacharya and samanta (1998) developed an analytical solution for 
laminated composite plates with active piezoelectric layers, but at the cost of high mathematical 
complexity. Vel and batra (2000) devised an analytical solution for multilayered piezoelectric plates 
in terms of the double Fourier series to handle more general boundary conditions at the edges.

Figure 1. typical circular piezoelectric sensor 

Advanced numerical methods are needed to solve boundary value problems involving piezoelectric 
phenomena, due to their mathematical complexity. The finite element method (FEM) is a dominant 
numerical technique for solving complex engineering problems. The FEM has been increasingly used 
to solve piezoelectric problems (Allik & hughes, 1970; benjeddou, 2000; semedo garcao et al., 2004). 
The boundary element method (bEM) is an efficient and popular alternative to the FEM. The bEM only 
requires construction of the mesh on the boundary of the analyzed domain, thus significantly reducing 
time-consuming mesh generation. however, it requires a fundamental solution or green’s functions 
that are unavailable for 3-d problems in piezoelectric anisotropic materials. Therefore, the application 
of the bEM is restricted to a relatively small group of engineering problems where a fundamental solu-
tion is available. several applications of bEM to problems involving piezoelectricity have been reported 
(lee, 1995; ding and liang, 1999). The bEM has been successfully used for general crack analysis in 
piezoelectric solids, too [Pan, 1999; davi and Milazzo, 2001; garcia-sanchez et al., 2007].

The meshless modeling of a broad range of engineering problems has recently become very at-
tractive for many researchers (Atluri and sladek, 2009; Nguyen et al., 2008) as an alternative to the 
well-established mesh-based methods (FEM, bEM). Meshless methods do not require discretiza-
tion using the finite element mesh, which offers certain advantages. For example problems includ-
ing shear locking of elements or expensive mesh generation in the finite element method (FEM) or 
unavailable fundamental solution in the boundary element method (bEM) are effectively eliminat-
ed in meshless methods. The meshless local Petrov-galerkin (MlPg) method (Atluri, 2004) is one 
of the most popular meshless methods as it does not require the creation of a mesh for the approxi-
mation or integration of unknown quantities. Thus it can be said to be a “truly meshless” method.

The MlPg method has been successfully applied to the analysis of a broad range of engineer-
ing problems including the elastic analysis of general 3-d solids (sladek et al. 2009), bending of 
thin and thick plates (sladek et al., 2003; soric and jarak, 2010) or fracture problems (Ching and 
batra, 2001). Papers related to solving piezoelectric problems using the MlPg involve analyzing 
axisymmetric continuously non-homogeneous piezoelectric solids (sladek et al. 2008), rectangular 
piezoelectric plates (sladek et al. 2010), functionally graded circular plates (sladek et al. 2013) and 
composite circular plates under transient loading (stanak et al. 2011).

This paper describes the application of the MlPg method to the 3-d analysis of a piezoelectric 
sensor under a compressive load. The cylindrical sensor is discretized with nodal points only, and 
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a small spherical subdomain is introduced around each nodal point. The coupled electro-mechanical 
fields in piezoelectric material are described by constitutive relations and governing partial differential 
equations (PdE). local integral equations constructed from the weak form of governing PdEs are 
defined over these local subdomains. A moving least-squares (Mls) approximation scheme (lan-
caster and salkauskas, 1981) is used to approximate the spatial variations of unknown field variables 
and the heaviside unit step function is used as a  test function. The essential boundary conditions 
are satisfied by the collocation of Mls approximation expressions for unknowns on the boundary 
nodes. After performing the spatial Mls approximation, a system of ordinary differential equations 
for certain nodal unknowns is obtained. Then, the system of the ordinary differential equations of the 
second order resulting from the equations of motion is solved by the houbolt finite-difference scheme 
(houbolt, 1950) as a time-stepping method. Numerical examples are presented for different loading 
scenarios that can appear when the sensor is loaded with a non-uniform loading pattern. Final con-
clusions and a comparison with FEM data obtained by the ANsYs commercial code are discussed. 

2.  Local integral equations and the MLPG formulation

The behavior of a general piezoelectric body is mathematically described by a set of governing 
equations and constitutive equations. The governing equations for general 3-d piezoelectric solid 
under quasi-electrostatic assumption are given by the equation of motion for elastic displacements 
ui and the first Maxwell’s equation of electrostatics for the vector of electric displacements Di as

 (1)

 (2)

where t, σij, Xi, R, ρ are the time, stresses, vector of body forces, volume density of free electric charg-
es and mass density, respectively. The dots over a quantity indicate the time derivative. Neglecting 
the acceleration term in Eq. (1) one can easily transform the dynamic problem into a static one. The 
piezoelectric constitutive equations given by tiersten (1969) are expressed as converse and direct 
linear piezoelectric equations, respectively

   (3)

   (4)

where Cijkl, ekij, hik represent the elastic, piezoelectric and dielectric material coefficients, respectively. 
Cartesian coordinates are specified as x = (x1,x2,x3). The strain tensor εij and electric field vector Ek 
are related to mechanical displacements ui and electric potential ψ by

 
(5)

 
(6)
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The following essential and natural boundary conditions are assumed for the mechanical field

 
(7)

and for the electrical field

 
(8)

where Γu, Γt, Γp, Γq are respectively parts of the global boundary Γ with prescribed displacements 
, tractions , electric potential  and surface density of electric induction  

field flux  (normal component of electric displacements).
Constitutive equations (3) and (4) may be rewritten for transversally isotropic piezoelectric ma-

terial that has hexagonal material symmetry and is poled in the x3-direction as

 (9)

 (10)

 (11)

 
(12)

 
(13)

 

(14)

 

(15)

 
(16)

 (17)

Figure 2. local boundaries and subdomain for weak for-
mulation and support domain for Mls approximation
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local weak forms of the governing equations (1, 2) used in the MlPg formulations are defined 
over local subdomains Ωs as follows

 (18)

 (19)

where ∂Ωs is the boundary of the local subdomain, which consists of five parts  
∂Ωs = Ls ∪ Γ su ∪ Γ st ∪ Γsp ∪ Γ sq (see Fig. 2). Ls is the local boundary that is totally inside global domain, Γ st 
is the part of the local boundary that coincides with the global traction boundary, i.e., Γ st = ∂Ωs ∩ Γ t, and 
similarly Γ su is the part of the local boundary that coincides with the global displacement boundary, i.e.  
Γ su = ∂Ωs ∩ Γ u. Analogously Γ sp = ∂Ωs ∩ Γ p and Γ sq = ∂Ωs ∩ Γ q .

unit step functions and w* (x) are chosen as test functions in each subdomain and are 
defined as 

 
(20)

Applying the gauss divergence theorem to eqs. (18, 19) and making use of eq. (20) one obtains 
the following local integral equations (liEs)

 (21)

 (22)

where nj (x) is the unit outward normal vector to the boundary ∂Ωs.
Eqs. (21, 22) may be rewritten for each component, assuming vanishing body forces Xi (x, t) and 

volume density of free electric charges R (x, t).

 (23)

 
(24)

 (25)
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  (26)

in general, a meshless method uses a  local interpolation to represent the trial function with 
the values (or the fictitious values) of the unknown variable at some randomly located nodes. The 
moving least-squares (Mls) approximation (lancaster and salkauskas, 1981; Nayroles et al., 1992) 
used in our analysis may be considered as such scheme. According to the Mls method (Atluri, 
2004), the approximation of displacements uj (x, t) and electric potential ψ (x, t) by approximants 

, is given by

 (27)

   (28)

where the nodal values are referred to as fictitious parameters for the displacements 
and electric potential, and ϕ i  (x) is called Mls shape function defined over n nodes located in 
a support domain Ωx of the Mls approximation as shown in Figure 2.

The appropriate derivatives can be obtained with use of the shape function derivative as shown 
in (Atluri, 2004). derivatives of displacements and electric potential are then given as

  (29)

   (30)

Applying eqs. (27 – 30) for the spatial approximation of trial functions uj (x, t), ψ (x, t) and their 
derivatives in constitutive relations (9 – 17) and their subsequent insertion into local integral equa-
tions (23 – 26) yields discretized local integral equations in the following form

 

(31)
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(32)

 

(33)

 

(34)

Collecting the discretized local integral equations (31 – 34) together with the discretized bound-
ary conditions gives a complete system of ordinary differential equations (odEs) which can be rear-
ranged such that all known quantities are on the r.h.s. Thus, in the matrix form the system becomes

 (35)

where the vector y is defined as , a = 1,…Nt. Nt is the total number 
of nodes. This system of odEs can be solved by the houbolt finite-difference scheme (houbolt, 
1950). in this method the “acceleration” term is defined as
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(36)

where ∆t is the time step. substituting eq. (36) into eq. (35) gives the system of algebraic equations 
for the unknowns yt+∆t

 
(37)

The value of the time-step has to be appropriately selected with respect to material parameters 
(elastic wave velocities). under quasi-electrostatic conditions the electric response is immediate as 
electric disturbances propagate with the speed of light. 

3. Numerical examples

Numerical examples involving uniform and non-uniform compressive loads are used to test the 
proposed MlPg formulation. The results obtained are also compared to the FEM solution given by the 
ANsYs commercial finite element code. A cylindrical piezoelectric sensor with radius r = 0.015 m and 
thickness h = 0.003 m is considered. The bottom of the sensor is mechanically clamped with vanishing 
electric potential. The sensor is discretized with 1005 nodal points. homogeneous and functionally 
graded material properties are considered. The material properties of PZt-4 piezoelectric ceramics 
given in table 1 are assumed. A compressive load is applied from the top and the side is traction free.

table 1. Mechanical and electrical properties of materials considered

Material property value material property value
c11 [N m-2] 13.9×1010 e15 [C m-2] 12.7
c12 [N m-2] 7.78×1010 e31 [C m-2] -5.2
c13 [N m-2] 7.43×1010 e33 [C m-2] 15.1
c33 [N m-2] 11.5×1010 h11 [C(Vm)-1] 6.46×10-9

c44 [N m-2] 2.56×1010 h33 [C(Vm)-1] 5.62×10-9

r [kg m-3] 7500

in the first numerical example, a  uniform static compressive load 
is assumed for the sensor with homogeneous material proper-

ties. Figure 3 shows the resulting vertical displacement and Figure 4 depicts the electric potential 
variation at the top of the sensor. Note that this response is axially symmetric with respect to the 
vertical x3 – axis. The results are in excellent agreement with the FEM solution.
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Figure 3. Variation of vertical displacement at the top of the sensor with x1 – coordinate

Figure 4. Variation of electric potential at the top of the sensor with x1 – coordinate

A uniform compressive load with prescribed displacement field  
is considered next. The response of the electric potential at the top of the sensor is shown in Figure 
5. There is a significant difference in the shape of the response curves of electric potential when 
Figures 4 and 5 are compared.

Figure 5. The electric potential response at the top of the sensor to prescribed uniform displacement load
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The 3-d model of the piezoelectric sensor is suitable for the analysis of the prescribed non-
uniform load usually found in practice. A vertical traction load varying linearly with the x1 coor-
dinate is applied in the next example as . The non-uniform 
and non-symmetric load pattern produces a non-uniform response. Figure 6 shows the vertical dis-
placement response to the compressive load, while Figure 7 shows the electric potential response.

Figure 6. Vertical displacement at the top of the sensor under non-uniform load.

Figure 7. induced electric potential at the top of the sensor under non-uniform load for homogene-
ous material properties

gy
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Functionally graded material properties are also considered for the analysis. The exponential 
gradation of elastic material constants is governed by 

 (38)

where the symbol P is commonly used for particular material coefficients and P0 represents the 
material parameters on the upper surface of the Fg layer. gradation coefficient γ and constant d 
determine the shape of the exponential curve. grading constants are chosen as γ = – 231.05, d = 1.5, 
which represent the material properties at the bottom, reduced to half the value of the properties at 
the top of the sensor. Meanwhile, the piezoelectric properties are graded according to this formula

 (39)

where δ = 0.405, which represents the 1.5-times increase in the value at the top relative to the bottom 
of the sensor. The resulting electric potential response at the top of the FgM sensor is shown in Figu- 
re 8. higher electric potential values are induced than in the homogeneous case shown in Figure 7. 

Figure 8. induced electric potential at the top of the sensor under non-uniform load for FgM mate-
rial properties

Finally, transient loading is assumed for the sensor with homogeneous material properties. 
A  uniform transient compressive load with amplitude  and 
heaviside step time variation is considered. The houbolt finite difference scheme is utilized. 100 
time steps were applied for time interval 0 - 1.5×10-6 sec. The resulting vertical displacement at the 
center of the top is shown in Figure 9. The time variation of the induced electric potential is shown 
for the same point in Figure 10. Note that maximum peak values are approximately double the 
results for the static case shown in Figures 3 and 4. since no damping is present, the solution will 
oscillate in the same fashion until infinity. 
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Figure 9. time variation of vertical displacement at the center top of the piezoelectric sensor

Figure 10. time variation of electric potential at the center top of the piezoelectric sensor

4.  Conclusions

A cylindrical piezoelectric sensor was analyzed by the MlPg method. both static and transient 
dynamic loads were considered. Axisymmetric analysis is not applicable to non-uniform and non-
symmetric loading and so a general 3-d analysis has to be performed. The cylindrical geometry of 
the sensor is discretized in terms of nodal points only. Each node is surrounded by a small spherical 
subdomain. A heaviside unit step function was used as the test function in the derivation of local 
integral equations. The moving least-squares (Mls) scheme was adopted for the spatial approxima-
tions of the mechanical and electrical fields. regarding the development of the MlPg formulation, 
the method presented is particularly promising for problems which cannot be solved by the con-
ventional bEM, for example, when fundamental solutions are not available. however, in its current 
development, the proposed method requires more computational time since there are many more 
nodes involved and the shape functions in the Mls approximation are significantly more com-
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plex than in the bEM or FEM using simple polynomials. intensive research has been carried out 
to reduce the CPu time (soares et al., 2012). Applications to similar problems for analysis of 3-d 
problems are expected in the future.

The present meshless formulation has a great potential for modeling continuously non-homo-
geneous materials, smart materials and other multi-field problems including piezothermoelasticity 
or magneto-electro-elasticity. 
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